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Preface

This is an early draft of examples in Linear Algebra, to accompany the text Linear Algebra. I am
making these drafts available in incomplete form for the benefit of my linear algebra students
at Barnard College and Columbia University.

This is a draft of December 25, 2006. The most recent drafts of these texts may be down-
loaded from:

http://projectivepress.com/LinearAlgebra
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Chapter 1

Functions of matrices

1.1 2 x 2 matrices with distinct eigenvalues

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

Lo [ 12 _ 1 21 o][3 2
= 13 2] T |1 o3|lo 4l 1 1]
then
3 2] 2 2]
A= s st Y s s
T B R 2 2]
AT = DN g s st Y 3 3]s
At _ [ 3 =2 wl 2 2]
= s 3T 3 3]s

The following 2 x 2 matrices have nonzero integer entries, are nonsingular, have distinct
integer eigenvalues, and are not symmetric:

LR EEIEED
= 2|3 ;_/4+2[g i]/z}
B R i I
= 1 —g _2_/5+4[§ é]/S
T R R | R L
= 1—5 _1_/3+4[§ é]/s




Functions of matrices

<t o Lo DN o Lo D~ N
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NN — — (9l a\| A — N <H [o\ I ep] [9\INe] — N
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1.1. 2 x 2 matrices with distinct eigenvalues

* 3{ i 5]/4
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Functions of matrices

DN DN [ee) D~ LO <t o 0
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1.1. 2 x 2 matrices with distinct eigenvalues

DN o Lo <t (s9] DN e ] Lo (sp]
— ™ ~~ — ~ o ~ — ~ — ~ — o ~ o ~ — ~ — ~
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| I | I —_— | I | I | | I —_— | I
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Functions of matrices

e ] DN on <t DN Lo <t
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1.1. 2 x 2 matrices with distinct eigenvalues

o] DN o N o D~ (s9)]
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Functions of matrices

Lo D~ Lo <t O (o)) o o]
333333333
~~ — ~~ — ~ — ~ — ~ — ~ — ~ — ~ — ~~
<# cH O [o\INe} N \O — — N ol o — <t o \O

J_l | Q_ul Q_ul | 7__2 7__1 A__..l A_’l | 7__2
(q\| [m— e\ [— e 0] — A e 9} — N <t 1 — 1 — <f [E— N L N <H
| I | I —_— | I | I | | I —_— | I
— S o I o o ) [e>BN o} I O_I_A — S — [evhy I'e) T} O — S o o)
+ 7__0 + A__AO + J_O + JUO f R_UO + 40 + J_O + JuO +
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1.1. 2 x 2 matrices with distinct eigenvalues
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1.1. 2 x 2 matrices with distinct eigenvalues

() \O D~ o] ee] (@)
<+ ~ — — ~ o ~ o — ~ — o ~ — <t ~
| — _ | — [ — | — | — | — |
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L — _|_12 L —— | — [ — [ — | ——
AN oo | o o <H o <H o O o
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<¥ O A_:4 1_.2 11_. — LD _I_Al [o\INTo) J_Z o O Q_uno — Q_u_b — A_m_b
— — 1O 1O — — N N — — O L — — OO — — O 1O [So N To TN e o NN I < 10O <t
_7 1 L 7 ._ __ __ __ __ _. __ 7. ._ __ __ __
[q\} — (ol o <t \O O
I | | , I |
Il I I Il Il Il Il Il Il I I Il Il Il
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Functions of matrices

1.2 2 x 2 singular matrices

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

2 1
v =150
then
A = 0
A" = 0" -
PAL G0t

- [

1 -1
-2 2
1 —1]
2 2
1 —1]
2 2

1/3
1/3

+ 3"

+ e

3t

1/3
1/3

NN DNDDN NN
N S G | S QY

1/3

The following 2 x 2 matrices have nonzero integer entries, are singular, have distinct integer

eigenvalues, and are not symmetric:

2 2]
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1.2. 2 x 2 singular matrices

N <# Lo o o
— ~ — ~ — N ~ — — ~ — — ~ — o —
, | I | |
T T T T e T TT e 97 T e T e
I
o o < [=To} o — | o o oo | o o oo | o — |
(q\l <t Lo o o
— o o —
N <# Lo A_l _ o _ |_| _ o _ |_l nT
T 1T 1 r 1T | r 1T 1 T 1T 1 T 1T 1 r 1T | r | 1 T 1T 1 T 1T 1
— N — = M — — AN M — — N — = — — — N - — AN o~ — AN N AN
, , _ _ _ _ _ _ _ _ _ _ | _
R e T o A N
) L ) L ) L ) L ) L ) L ) L ) L )
o o o o (e9] i o i o
, | | |
Il I I Il Il Il Il Il Il I I Il Il Il Il Il Il I
| — | — | —— | — | | — | — | —— | — | | —
— — [o\INa\] [o\INa\| — N AN — — — N o
, | | | | | |
1*‘3 o o [ap 0! ‘I_Al ‘I_AZ J_l J_Z 7__2 7__3
—_ —_ —_ —_ —_ —_ —_ | IS —_



Functions of matrices

14
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1.2. 2 x 2 singular matrices
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Functions of matrices

16
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1.2. 2 x 2 singular matrices
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1.2. 2 x 2 singular matrices

o DN DN DN o) Lo
— ™~ o0 — ™~ — o <t — ~ — ~ — ~ — ~
— <f o <t — —_— — [Q\INe) — O oM \O — 0
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I
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T 1T 1 r 1T | r 1T T 1T 1 T 1T 1 r 1T | r 1T 1 T 1T 1 T 1T 1
1*‘4 11,A on <H Q_.v3 — AN Q_u4 3Q_u A_x5 44,: — N J_l — \O ‘I_Al — N Q_uz — ™ 1_.2
| |
— = <t < — o~ <t <t — — AN N — o~ <H < — — O 1O N — O m — — O O O AN O <H — AN N O
, ,_ __ __ __ __ __ __ __ ,_ __ __ __ __ __ __ __ . |
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<t Lo Lo Lo Lo DN (82] <t <t
— <H — |Te) — o — Te) — [Te) — N — o — <H — <
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555555555
~ ~ ~ ~ ~ ~ ~ ~ ~
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_ _ _ _ _ _ _ _ _ _ _ _ _ _
= O M o — O N AN — O — — O O — N N O NN <t O — — NN AN — O M O AN O <
_7 L 7 __ __ __ __ __ __ __ 1L 7. __ L __ __ __ __ L _ __ 1 _
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I I Il | | | I I I Il I | | | I I I I
— — — — — — — — —
AN O cH O AN O — O — N AN <H cH O <t O o O
_ _ _ _ _
I — — I I — — I —
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1.2. 2 x 2 singular matrices

Lo 9\l D~ Lo Lo D~
— ~ — — ~ ol — ~ N~ — ™~ ol — ~ — —
I I o | |
— —_— — o IR ) — o on —_— —_
7,_3 Q_u213 Q_ul _ Q_VZ nﬂl Q_u2 Q_u2 Q_v213 4324
[9\Iep]
L —— —|—26 —J_ | — r _O_ r 1 | — _|_26 q|_36
— o —
f + _ _ _ + +
Lo g\l DN Lo Lo D~
r ! ! T 1 . T 1 ! r 1 ! r 1 ! T 1 1 T 1 ! r 1 ! r 1 |
| |
— N A O — AN O \O — — O — AN O O — = — N O O — AN O O — AN O O NN <K O
_7 7. _ 1 __ __ __ __ __ __ 7. __ __ __ __ _ 1 __ __ __
Lo o o o o Lo D~ — o
I | | |
Il I Il Il Il Il Il Il Il I I Il Il Il Il Il Il I
| — | — | —— | — | | — | — | —— | — | | —
— N — o \O [a\I a0} < O — N o <t — N o <t
| I | , | | |
N O Al \O o \O <t O <t O o \O o \O o \O cH \O
, I | | | | |
—_ —_ —_ —_ —_ —_ —_ | IS —_
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= —
— — [N DN e
~ ~ ~ ~ ~—
— o — — ~ — o — o — ~ o — ~
AR ° T oo ae AR DT oo T aa
oo | o — o o oo | oo | o N o ®
[ i =] [ —_ D~ @
) + + o o~ + +
o O o O N O© — O o O o O o O
+ = N+ + i "
T 1T | T 1 1 T 1 1 r 1 T 1T | T 1T 1 T 1 1
— — AN N — — O O AN <H O AN <t O — — N M — N — M — AN AN <t
f f. __ __ __ __ __ __ | f. __ __ __ __
o o [N i (e o o
| |
Il I Il Il Il Il Il Il Il I I Il Il Il
| — | — | —— | — | | — | — | ——
cH \O O \O [o\INep] [o\ I a0} < O [o\B ! o N
f | | |
o O Lo \O <t O <t © <t O O O <t
f | | |
—_ —_ —_ —_ —_ —_ —_
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1.3 2 x 2 symmetric matrices

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

A= 12 = .

then
e e I R
A R
R RS

The following 2 x 2 matrices have nonzero integer entries, are nonsingular, have distinct
integer eigenvalues, and are symmetric:

13- R A s
- _1_—1 _i_/z+3{i H/z
Al [ i,
Sl FE T PR [ A
R I PR [ R
- 2o s el i
I I T [
- _2_—31 _i_/5+3{; 421]/5
G- FE R s
- _3_—1 _1_/2+1{1 H/z
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Q] g\l N Q\ Lo g\l Lo Q\
222222222
~ — ~ — ~ — ~ — ~ o ~ — ~ — ~ — ~

| — | —— | — | [ — | — | — | — | | — [ —
— — — — — o — — o <t —
— — — — — N — N —
| | | | | | | |
— 1 [ [E— [E— R — 0 < N [ [— e\ 0 v
| — | —— | — | L — | — | —— | — | | —
| I | I —_— | I | I | | I —_— | I
<+ (e e o) o I o <K - O o 10 [eslo\| N 01_. — o N « O —
| | I | | |
222222222
1 r 1T 1 1T r r r r 1 r T 1 T T 1 r 1T 1
— — = — = — = — o~ AN~ <t — o~ — AN N — =
_ _ | _ _ _ | _
— — = — o — = — o~ — AN — N — = AN — <t N — o
, I | | | | | | , I I | | | | | |
) L ) L ) L ) L L ) L ) )
(q\| — <t o — [ap) (a9} o Lo
| | I | | ,
I Il Il Il Il Il Il I I Il Il Il Il Il Il I
| — L — | — | [ — | — | —— | — | [ —
o N o) — o [9\INe] [o\INa\| — N o O N
I , I |
[9\INep] ‘I_AB o o — 7__1 7__2 J_3
| I | I | I —_— | I | | I | I
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1.3. 2 x 2 symmetric matrices

Q] g\l N Q\ Lo g\l N Q\
222222222
~ — ~ — ~ — ~ — ~ — ~ — ~ — ~ — ~

| — | —— | — | [ — | — | — | — | | — | —
— — — — — o <t — — —
— — — — o — — — —
_ _ _ _ _ _ _ _
i e —_ v [E— [E—— 1 — — 1 v — 1 [E—
10 o \O © [e>BNep] ) o ~ O N N o \O Ne [evhy I'g) T} [eiaNe} Ne) (e I~
I I | | I
222222222
1 r 1T 1 1T 1 1T 1 r 1T 1 r 1T T T 1
— — = — = — = — o~ — AN N L B — o~ L e
_ _ | _ _ _ | _
— — o — — = — = N — <t N — o — o — =
,_ | __ | _ __ | _ __ __ . ,_ __ . I | _ | | . | | |
7 o T T i ¥ ” “ -
I Il Il Il Il Il Il I I Il Il Il Il Il Il I
| — L — | — | [ — | — | —— | — | [ —
<t <t <t O <t N <t <# — <{ AN <H o <#
I |
o <H ‘I_AA.. o <K J_4 7__4 <t < N <t o
| I | I | I —_— | I | | I | I
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Lo 9 g Lo Q g\l Lo Q\
222222222
~ o ~ — ~ — ~ — ~ — ~ — ~ — ~ — ~

| — | —— | — | [ — | — | — | — | | — [ —
— o — — o <f — — o <# —
— N — — N — — — N —
| | | | | | | |
(q\] 1 <t [ e e 1 v — 1 - — 1 o [ e [— e\ [E—
| — | —— | — | L — | — | —— | — | | —
| I | I —_— | I | I | | I —_— 7_|.
| | | | I | |
222222222
1 r 1T 1 r T 1 T 1T 1 r r 1 r 1T 1 r 1T 1 1T 1T 1
<H N — <t — = — = — AN AN — — — v o — AN AN — o~
_ _ | _ _ _ | _
o — N — — — = N — <H — o — o AN — <H N — =
7. __ __ __ __ _ 1 __ __ 1 L 7. _ __ __ __ _ 1 L _ _ 1 __
<t Lo <# Lo Lo [N <t — o
| | | , I | ,
I Il Il Il Il Il Il I I Il Il Il Il Il Il I
| — L — | — | [ — | — | —— | — | [ —
<t — ™ [a\ I e} <t o <t o Lo [o\IN [9} [TolNa\|
, I | ,
o <# Q_ul a«_u?_ n«_u4 Q_u4 — 1O [9\ 9\ (9\InTo]
| I | I | I —_— | I | | I | I
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1.3. 2 x 2 symmetric matrices

o
Lo N g\l g\l N — o N g\l Lo
— ~ — ~ — ~ — ~ — ~ — o — ~ — ~ ] ~
ol <A — — — — — — N —
N — — — — — ) — — — — N
, | | | | | ) | | _
[E——— e [ A [EEE—— [ [ [E—) [EE—— 1 o [ e
L — | — | —— | — | L — r 1 r 1 | — | | —
[N S < [eviie ] [e>BN o} S O o \O \O o [e>iNe} (es e
e D < ) ) o o~ © ©
+
, I I | | | |
Lo g\l (9] g\l 9\l i (9] g\l LO
T | | T 1T | T 1T 1 r 1T | T 1T | T 1T | T 1T 1 r 1T | T 1T |
— AN N — = = — = — = — = — N O — = — = AN — N <
| | | | I | | | |
AN — <H N Lo B — = — = — o~ O — O\ M — = — = — N — N
, _ f. I _ __ | __ __ __ __ f. __ __ __ __ __ __ | _ __
a9} \O (ol [N i <t 0 <t —
I | | | , I |
Il I Il Il Il Il Il I I Il Il Il Il Il I
[ — | — L — | — | [ — | — | —— | — | [ —
<t O Lo i O o o o o <t o O O o — O [o\INa\|
, | I
—_— | I | I | I —_— | I | | I | I
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(@] o
N — o g\l Lo N LO — o g\l N
— ~ N — — ~ o ~ — ~ N ~ oM~ — ~ — ~
| — | — | [ — | — | — | — [ —
o o
— — o — N — — —
— — N — — — — — N — —
f | o™ | | | | | oo | |
L — | — | L — | — r ! | —
D~ o \O O S oo [« AN S O S < [evhy g Lo [e>iN o9} leslio\|
e B~ o ~ o <t ;o S
+ + + + + + + | |
cHh O <t O o o O o O — O O O n o o n o O O
| | | | | |
9\l i (gl Lo 9\l Lo \ml g\l 9\l
T ! ! T | ! T | ! r 1 ! T ! ! T | ! T | ! r ! ! T 1 !
— = M — O O — o~ AN — N <H — o~ AN — N <H M — o O — o~ — =
| | | | I | | | I
— o — N — — o — N o~ N — o — N — — N — — — o
, ,_ I | | __ | | | _ , I I | | | | | __
cH <t [q\l o — \O Lo Lo \O
| | I | | ,
Il I I Il Il Il Il Il Il I I Il Il Il Il Il Il I
[ — | — L — | — | [ — | — | —— | — | [ —

2

5

3

-3
3

5

4
-1
4

5

4
—4
3
—4
1
—4
2
—4

5

2

5

3

5

3

5

4

5

4

2

4

4

3
—4
1
—4
2

|
|
|
|
|
|

28
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N =

29
el s
/0 T O ; 3]/10
ol 1]
/2‘1“ H/z
R
_/5+4“ Z]/5
44 L
_/2““ ”/z

_/z”[ H/z

ool s
e . Z]/13
ol s
/13+10{2 8}/13
{_g gH_i ”/z
_/2+8“ H/z
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¥

¥

-1

o)

-2

6
-1

N =
1

N O©
L i

N O
L )
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-10

103 210 3,
1/2 |1 1]/2

117 2007 e

_/13+6_§ g]/13
I
_/2”’“ H/z

_/5”{ Z]/5
sy
PR 1 1]/2
ool T
_/5+8[421 ﬂ/S
0 i
RERE g S]/IB
E I
_/5”“ i]w
el e
_/z”“ ”/z
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(o)}

(o))

5
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1.3. 2 x 2 symmetric matrices

(@]
Lo — o Lo Lo N Lo N
] ~ o~ o ~ o ~ — ~ — ~ — ~
| — 31 | — | [ — | — | — | — |
(o B! o o — N <t —
— N — ™ — N — N — o —
f | o o | _ | I |
L — r 1 r 1 | — | L — | — | ——
< o — (=N o <f o o o
+ + | + | | |
N O O O o O O w0 O O O O O N O
f I I | | | |
Lo i Lo Lo 9\l Lo (9]
T 1T | T 1T | T 1T 1 r 1T | T 1T | T 1T | T 1T 1
N — o <H M — O O AN — N <H AN — N <H — = o — AN N — =
| | | | I | |
— N — N — N — M — AN — N — N — N — o~ AN — <H N — =
7 1 7. _ 1 __ _ 1 __ _ 1 _. __ 7. ._ __ __ __
NS O O [e 0] \O O D~
I | | | , I |
Il I I Il Il Il Il Il Il I I Il Il Il
[ — | — L — | — | [ — | — | ——
< O o O AN O O O — LO [o\INa\| [o\INTe]
| , I | | , I
—_— | I | I | I —_— | I |
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1.4 2 x 2 matrices with a repeated eigenvalue

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

RN R IE EE I A | R

then
I R )
A = 2":(1) (1) +n2"1:_1 _1
At — eZt:(l) (1) n teZt:i 1

The following 2 x 2 matrices have entries in [—4, 4], and have a repeated integer eigenvalue:

1 1] 117 1
1 1| T 1 0] 1
107 1
= 90 1] [1 1]
1 1] 1 17[ 2 11[ 0 1
1 3| = 1 o]l o 2|1 1
107 1 -1
= 2%l o 1_+[1 1]
3 1] 1 17[ 2 11[ 0 1
1 1| T 1 ol o 2|1 -1
1 0] 1 -1
= 2|0 1_+[1—1]
1 2] 2 1701 11[ 0 1
2 3 2 ol o 1] 2 2]n
107 2 -2
= 1o 1_+[2 2]
2 2] 2 1770 11[ 0 1
2 2 2 ol o o]l 2 2]n
107 2 2
= Y0 1_*[2 2]
2 1] 1 17[ 3 11[ 0 1
1 4| = 1 o]l o 3|1 1
107 1 -1
= 3o 1_+[1 1]
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1.4. 2 x 2 matrices with a repeated eigenvalue

<t <t o Q\ o0 <t
— — — — — — —
I
SOt O <X — O~ oM M/ SO AN SN O <X — —
— N — N — o o [o\Ia\| [aolNep] — N [o\IKe\| —
I I (. | I I | | I
— — — — — — —
— J_A.A — O J_A.. — N o — Q_u3 — 7__2 — O Q_u3 — 7__4 7__2 J.A_.A
| I
— [E—' [ — — [E— [ — —
— O o O o O — O — O o o — O
+ + + + | + + | + + +
[E— [E— [E— [ [E— [E— [E—
r 1T 1 r 1T 1 r 1T 1 T 1T 1 r 1T 1 r 1T 1 r 1T 1 1T 1 1T 1
Nt — O N <H — O — o O N — O NN — O N — O N — O — O — O
_7 __ __ __ __ __
— o o — — e} — o o
I I | | I I |
— — — — — — —
— o — — N o <H N — [aplNep] — [e 1o — L0
f I I | | | I | |
I
[E— — [E—' — — — [E—
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o g <t

| — | — | —— | — | — | — | — | — | [ —

— ™ — — — N — N — — N — N —

| | |

o M/ S~ S~ M/ oON M O S —~ S~ M/ S~ M/ O o
[ep 4] — — [o\INa\| — N <+ N < N <+ N <F N

— — — | | — | — | | — — | —

L — | — | —— | — | L — [ — | —— | — | [ —

— AN O — <t — < — 0O NN — N N <H — N AN — — N — O AN — — o
| | I | | [
—_ —_ | IS | IS —_ —_ 1 | S | S|

N O <t O <t O o O o O o O — O o O — O
+ + + + + + + + | +

| I | I | I | I | I | I | I —_— | I

T 1T | T 1T | T 1T 1 r 1T | T 1T | T 1T | T 1T 1 r 1T | T 1T |

— o O — O O - — o O - — o O — o O — O O - — O O - — o O — o O

N — O — = O — = - O NN - O N <t — O N~ O N~ — O N~ O N~ O

_7 ._ ._ __ __ __

9\l <t <t o (ep) (a0} — o ‘I,A

I I I | | | | I I I I | | | | I I I

| — | — | —| | — | | — | — | —| | — | | —

Ju_b ‘I_._.D 1_‘3 J_l ‘I_Al A__.._.D A__..3 A__.A2 A__.Al

— N N — Lo — o o <t — — o — on

, _ _ |

—_ —_ —_ —_ —_ —_ —_ —_ —_



37

1.4. 2 x 2 matrices with a repeated eigenvalue

<t (a2 <t Q] <t <t
— — — — — — — —
— <{ — — — <t — — — — <t
f
SOt O~ M/ oM M O <K S~ oSO N M/ O <X O < —
o o o o [\l o\l — N —
— 77— T — — 77— — — — 77 i
— — — — — — — —
— A__..4 — N N - 11_. 43 — O A__.A4 — <t 7__1 — <H J_n/_ — <t 7__4 — N A__.A4 41
— [E—' 1 — — [E— [ — —
— O o O — O o o <t O <t O© <t © o O
+ + | + + + + + + +
[E— [E— [E— [ [EE— [E— [E—' [
r 1T 1 r 1T r 1T 1 T 1T 1 r 1T 1 r 1T 1 r 1T 1 T 1T 1 1T 1
—\ O O - — O O - — o O - — o O - —\ O O - — O O - — O O — o O - S
<ttt — O N — — O N — O <t ¥ — O N — — O NN — O N < — O tH H — O — O
_, __ __ __ __ __ __
— o — ] <t <t <# N Lo
I I | | | I I | |
— — — — — — — —
[E— [E— [E— — [EE— — [E— —
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g\l <t Lo o <t Lo
— — — — — — — —
— — — N — N — O — — <t — L0
| f I |
S~ O~ M/ O N M/ O <K S SN O <X oW —
— < N (e I o\] — N [ToRnTo] [aolNep] <t <# o o o M
[ (. (. [ I I | | I
— — — — — — — —
f I
1 [E—' 1 [EE—" — [E— [ — —
o O <t O© <t © <+ O — O N O — O o o
+ + + + + | + | + + +
[E— [E— [E— [ [E— [E— [E— [
r 1T 1 r 1T r 1T 1 T 1T 1 r 1T 1 r 1T 1 r 1T 1 T 1T 1 1T 1
— o O N~ — O NN — O N <H — O n ;o — O N — O H <H — O 0w — o — O
__ __ __ __
Lo <t <t <# — [q\] — o <#
I I | | | I I | |
— — — — — — — —
I
[EE— [E— [E—' — [E— — [E— —
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1.4. 2 x 2 matrices with a repeated eigenvalue

<t 9 <t Lo Q\
| — | — | —— | — | — | — | — | — | [ —
— <t — N — N — N — O — — — N — N
I | |
Ot S~ [ o I e | SO X M OO M/ S~ S~ S~ M/ oOAN M/
<t <# <+ N [\l o\l — N 0N 1o — — <t N NN
— — — — — — — | | — ] | — | |
L — | — | —— | — [ — [ — | —— | — | [ —
— A__..4 — O J_l — LD 7__2 — LD n_/_4 — N _.n_urD — \O ‘I_.l — O — — O AN — O NN
—_ —_ 1 | IS —_ —_ 1 | S | S|
o O n o n O n O N O O O O O n O n O
+ + + + + + + + +
| I | I | I | I | I | I | I | I | I
T 1T | T 1T | T 1T 1 r 1T | T 1T | T 1T | T 1T 1 r 1T | T 1T |
— o O — O O - — o O - — O O — o O — O O - — o O - — o O — o O
<t <t — O N~ — O NN O AN <t — O 0o ;m — O — = - O N - O N~ O NN — O
_f __ __ __ __ __
[ep) Te} Lo Lo [q\] Ne) e} Lo Lo
I I I | | | | I I I I | | | | I I I
| — | — | —| | — | | — | — | —| | — | | —
<t DN <¥ DN o DN — DN o DN — DN — LO <t 0 N o
, I | | | | | | |
44 (o O N o <H Q_uS Lo DN — DN — N N
—_ —_ —_ —_ —_ —_ —_ —_ —_
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o <# \O <t Lo \O o 0 Lo
— — — — — — — — —
— o — — \O — <t — 1O — \O — — <t — L0
| f
SN O <X — S O M/ O <K S S O M/ oM M S 0 M/ S
[ap I 0] — N O O <H < o 1o O O (o0 o <t o 1o
[ (. | | I I | | I
— — — — — — — — —
— <f O — 0 N <f — A_uro — N A__.A4 — _.n_u_b — O A_u/b — L0 43 — A__.Aoo — o :_urD
| |
1 [E— 1 — — [E— [ — —
<t O© 0o o — O [o\Ie) — O o o 0o o o O o O
+ + + | + | + + + + +
[E— [E— [E— [ [E— [E— [E—' [ [EE—
r 1T 1 r 1T r 1T 1 T 1T 1 r 1T 1 r 1T 1 r 1T 1 T 1T 1 r 1T 1
N — O N <H — O O O — O <t ¥ — O o1 — O O O — O N — O <t 0 — O 01U — O
__ __ __ __ __ __ __
I I I | | | | I I I I | | | | I I I
— — — — — — — — —
o — — N O DN <t N Lo <t O O o 0 [9 I AN Lo 0
f I I | | | I | |
|
[EE— [E— [E— — — — [E— — —
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1.4. 2 x 2 matrices with a repeated eigenvalue

0 N <t oe] \O ee] )
— — — — — — — — —
— <H — N — N — N — <H — O — <t — — <t
S 0O M/ O~ M/ O N M/ O <K S O M/ S O M/ S 0 M/ O~ S O M/
— — — — — — — — —
— N <H oo — O N - — O AN — O o < — — <{ o© — N O O — O <t o — DN — — <{ o©
| | | | _ _ _ _ (.
— [E—' 1 — — [E— [ — —
o O o O o O el ) — O o O o o N O — O
+ + + + + + + + | +
[E— [E— [E— [ [EE— [E— [E—' [ [E—
r 1T 1 r 1T 1 r 1T 1 T 1T 1 r 1T 1 r 1T 1 r 1T 1 T 1T 1 r 1T 1
<t 0 — O N — — O NN — O N < — O <t 0 — O O O — O <t 0 —H O — O <t 0 — O
_7 __ __ __ __ __ __ __ __
(q\l O ] e — (9] o S —
f
I I I | | | | I I I I | | | | I I I
— — — — — — — — —
[9\I\e] <K O o 0 — o0 AN O O o0 N <H — o0 (9 I ep]
f I I | | | I | |
I
[E— [E— [E—' — — — [E— — —
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o] g\l cH <t D~ <t Lo
| — | — | —— | — | — | — | — | — | [ —
— <t — — N — N — — N — DN — <# — L0
f | | | f
S O M/ S~ S~ M/ oON M o M/ O M O DN M/ SO <X M OO M/
N <t — < N [o\INa\| [ep 4] — N DN DN <t <# [ToRnie]
| [ [ [ [ [ | | I
L — | — | —— | — | L — [ — | —— | — | [ —
— N A__..oo — N — O N — O N — O O M — O o — 7_7 — A__.A4 — N :_urD
| | |
—_ —_ | IS | IS —_ —_ | I —_ —_
N O N O O O O O n O O O — O o O N O
| + + - + + - + _ + _ +
| I | I | I | I | I | I | I —_— | I
T 1T | T 1T T 1T 1 r 1T | T 1T | T 1T | T 1T 1 r 1 | T 1T |
— o O - — O O - — O O - —. o O - — o O - — O O - — O O - — O O - — o O -
<t 0 — O N~ O N~ — O NN - O M — O N <t — O NN — O <t <t — O oI — o
_7 L __ __ __
[q\} D~ O NeJ Lo O — o [q\}
I | f
Il I I Il Il Il Il Il Il I I Il Il Il Il Il Il I
| — | — | —| | — | | — | — | —| | — | | —
|
—_ —_ —_ —_ —_ —_ —_ —_ —_
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1.4. 2 x 2 matrices with a repeated eigenvalue

O BN ee] <t oe] )} )} Lo )}
— — — — — — — — —
— O — DN — <{ — <t — <# — N — N — L0 —
S O M/ SN M/ S 0 M/ O <K S O M/ SN M/ SN M/ oW SN m
NelaNe] BN AN <H <H < N <H — N — N o O — o
I I | | I I | | I
— — — — — — — — —
— A_u6 107_ — A__.Aoo — L0 A__.A4 — 10 A__..oo — <H Q_ug — L0 49 — <t E_u_b — Q_ug
| I
— [E—' 1 — — [E— [ — —
— O o o o O n o 0o o <t O© 0o o <+ O N O
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1.5 3 x 3 matrices with distinct eigenvalues

The following 3 x 3 matrices have nonzero integer entries, are nonsingular, have distinct inte-
ger eigenvalues, and are not symmetric:

|

11 -1 4 -2 0
1 1 2| = |5 1 1
1 2 1 301 1
0 -8 8 16

1| 0o 10 -10 + 1| -8
0 -6 6|/10 8
11 2 51 1
1 01 -1 = 4 1 0
1 -1 2 30 1
5 -5 -5 4

1| 4 4 4 + 2| 4
3 3 3|/12 0

1 1 2 3 -3 1
1 -1 —1| = 5 -2 0
1 -1 2 2 1 1
6 —12 —6 15
2l-10 20 10 + 1] 10
4 g 4]/ _5

1 2 1 5 1 1
1 2 —1| = 30 1
1 -1 1 41 0
5 -5 -5 4

1| =3 3 3 + 2| o
4 1 4 |/12 4

1 2 1 3 3 1
1 2 -1 = 2 -1 1
1 -1 -1 5 2 0
6 —6 —12 15

2| 4 4 8 + 1| =5
10 10 20 /30 10

2 2 0 -2 2

1 -1 2| = |21 1 1
1 2 -1 1 1 1
0 0 0 4

3| 0 4 -4 T
0 -1 4|/8 )

0 0 -2
0 -8 —4
3 8§ 10
0 0
+ 3 8 10
8§ 10
0 -1 1
0 4 8
3 3 -3
3 -3
+ 3 0 0
3 -3
0 -2 4
0 -5 =5
3 9 -3
9 -3
+ 3 0 0
9 -3

NN & NN

2
4
6]/16

0
6
6]/16

@»-lk}—\

O O O

/12

E

2
5
21 /30

21

0
i ] /30

1
8
e

-3
-3
0 ] /12

/8

/8
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8
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P
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16 -8
-8 4

—4
8
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0 —10
0 8 + 1
0 6 /16
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—6

!

P

8 —4
16 -8
-8 4

—4
-8
4

o]

—6
0
6

3
0
3]/12

12
0
12

-12 4
12 —4
-12 4

—4
4
—4

2
2 "
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101 1 1 -1 37[-2 0 01[-6 10 4
1 -1 —1| = 2 -1 -1 0 1 o||-15-10 5|
2 -1 2 1 1 7 0o 0 3 5 o0 3|/
6 —10 -4 15 10 -5 9 0 9
— —2|l-12 20 8 +1| 15 10 -5 +3| -3 0 -3
6 10 4|/ 15 —10 5 |/30 21 o 21|73
1 2 2 3 1 17[-1 0 01[-1 0 17
1 01 —1| = 2 -1 0 0 1 of|-2 -+ 2|,
2 2 1 101 1 o o 3|| 3 4 1]/
3 0 -3 2 4 2 3 4 17
- 1] =2 0 2 + 1| 2 4 -2 +3/ 0o 0o o0
1 o0 1]/* Y B
1 2 2 8§ 0 11[-2 o 07[-1 1 1
101 -1 = 5 -1 0 0 2 0f|-5-15 5|
2 -1 1 7 1 1 o 0 3 2 s 8|/
8 -8 -8 0 0 0 2 8 8
= 2| -5 5 5 + 2| 5 15 -5 +3/ 0o o o0
7 7 7|/ 5 —15 5 |/20 12 s gl|/%
1 2 2 2 2 171[-1 o0 071[-1 o0 1T
1 2 —1| = 1 -1 0 0 2 of|-1 -3 1|,
2 2 1 1 2 1 o o 3] 3 6 o
2 0 -2 2 6 2 3 6 0]
— 21| -1 o0 1 +2 1 3 -1 +3 0o 0o o
10 1]/° 2 6 2]/ 3 6 0]/
1 2 2 2 2 371[-2 0 01[-3 -1 5
1 2 —1| = 1 -1 1 o 1 0 0 -10 5|
2 2 -1 2 1 2 0o 0 3 3 6 0]/
6 2 —10 0 —20 10 9 18 0
- 2| 23 -1 5 + 1| o 10 -5 +3| 3 6 0
6 -2 10|/ 0o 10 5 |/15 6 12 o0 |/15
1 2 -1 5 2 01l -2 0 0 0 -4 2
1 -1 2| =17 1 1 0 1 0f[-15-10 5|
2 2 2 1 2 2 0o 0 3 15 12 9|/
0 —20 10 30 20 —10 0o 0 0
— —2| o0 28 —14 +1|-15 -10 5 + 3] 15 12 9
0 -4 2 |/3 —30 —20 10 |/30 30 24 18 |/30
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Functions of matrices
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1.5. 3 x 3 matrices with distinct eigenvalues
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Functions of matrices
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1.5. 3 x 3 matrices with distinct eigenvalues
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1.5. 3 x 3 matrices with distinct eigenvalues
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Functions of matrices
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1.6 3 x 3 singular matrices

The following 3 x 3 matrices have nonzero integer entries, are singular, have distinct integer
eigenvalues, and are not symmetric:

1 1 2 2 -3 11[-1 0 o0 0 -4 4
1 01 2| =2 1 1 o o0 of||-5 5 of
1 2 1 301 1 0 0 4 5 7 s/
0 8 -8 15 —15 0 5 7 8
- 1| o 8 -8 + 0|l -5 5 o0 + 4| 5 7 8
0 —12 12 |/ 5 5 o|/%0 5 7 g/
11 2 301 1 o 0o o07[-3 0 3
1 2 1| = 1 -2 1 0o 1 0 0 —4 4,
1 1 2 1 1 1 0 0 4 3 a4 5|/
9 0 -9 0 -4 4 3 4 5
— 0| -3 o0 3 +1 8 -8 + 4| 3 4 s
3 o 3|/12 0 -4 4 |/12 5 4 5 |/12
1 2 1 2 -3 177 -1 0 0 0 -4 4
1 01 2| = |3 1 1 0o o0 of||-5 o0 5|
1 2 1 2 1 1 0 0 4 5 8 71/
0 -8 8 15 0 —15 5 8 7
- 1| 0 12 -12 + 0|l -5 0 5 + 4| 5 8§ 7
0o -s g/ 5 o 5|/20 5 8 7|/
1 2 1 3 -1 1 0o 0 07[-3 3 0
1 2 1| = 1 -1 1 0 1 0 0 —4 4,
1 1 2 1 2 1 0 0 4 3 5 a4l
9 —9 0 0 4 -4 3 5 4
— 0| -3 3 0 + 1] 0 4 -a + 4| 3 5 4
3 3 o|/12 0o -s g |/12 3 5 a4l|/12
1 1 2 2 1 171[-1 0 01[-4 o0 4
11 | =2 -3 1 0 0 0 55 0 0
2 11 301 1 0 0 4 7 5 8|/
8 0 -8 5 -5 0 7 5 8
- 1| 8 o0 -8 Y 0l|-15 15 o0 + 4| 7 5 8
12 0 121/% 5 -5 o |/%0 7 5 g|/20
1 01 1 0 -1 57[-1 0 071[-8 -8 12
1 01 2| = |21 1 7 0o o0 o||-15 5 5|
2 2 1 1 0 8 0 0 4 11 1|/
0 0 0 15 -5 -5 5 5 5
-~ 1| 8 8 -12 +0|l-15 5 5 +4| 7 7 7
g g 12 |/%0 o o o]l/% § 8 g|/%
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1.6. 3 x 3 singular matrices
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1.6. 3 x 3 singular matrices
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1.6. 3 x 3 singular matrices
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1.6. 3 x 3 singular matrices
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1.6. 3 x 3 singular matrices
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1.7. 3 x 3 symmetric matrices

1.7 3 x 3 symmetric matrices

The following 3 x 3 matrices have nonzero integer entries, are nonsingular, have distinct inte-

ger eigenvalues, and are symmetric:

\O \O \O \O \O \O \O \O \O \O \O \O
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
T 1 T 1 T 1 T 1 r 1 T 1 r 1 T 1 r 1 T 1 T 1 T 1
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1.7. 3 x 3 symmetric matrices
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1.7. 3 x 3 symmetric matrices
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1.7. 3 x 3 symmetric matrices
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1.7. 3 x 3 symmetric matrices
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1.7. 3 x 3 symmetric matrices
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